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The so-called anode e�ect, particularly important in industrial alumina electrolysis, has mostly been
interpreted as the consequence of altered wettability of the electrode surface by the melt. By means of
a mathematical model assuming isolated large bubbles in contact with the electrode it is shown that
the anode e�ect is the result of the combined action of ¯uid dynamics and wettability. The inter-
pretation of the incipience of the anode e�ect obtained by means of a previous, completely di�erent
mathematical model is con®rmed. The theoretical results are compared with experimental data by
various authors.
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1. Introduction

Robert Bunsen, who was the ®rst to prepare alu-
minium by electrolysis [1], was also the ®rst to ob-
serve and describe the anode e�ect [2]. It is striking
that, although during the past almost 150 years nu-
merous attempts were made to clarify the cause of the
anode e�ect in aluminium electrolysis, a de®nite and
generally accepted explanation could not be given.
The phenomena of the anode e�ect and the available
interpretations have been compiled repeatedly [3±9].

The most conclusive interpretations may be summa-
rized according to the following three headings:

(a) Excessive increase in the concentration (di�usion)
overpotential. It is known that the cell voltage
increases when the bulk concentration of reac-
tant �Oÿ2� drops below a value where the inter-
facial concentration at a certain current density
tends to zero. Since the anode e�ect in alumina
reduction cells always occurs at low Al2O3 con-
centrations and can be overcome by addition of

List of symbols

A electrode surface area �m2�
Ar area pertinent to one bubble at the electrode �m2�
b Laplace parameter, Equation 12 (m)
C1 constant
C2 constant �Amÿ2�
fG gas evolution e�ciency
fI fraction of the current passing through

the electrode side walls
F Faraday constant, F � 96 487 A s molÿ1

F force �kg m sÿ2�
g acceleration due to gravity �m sÿ2�
h vertical coordinate (m)
H bubble height (m)
I total current (A)
j nominal current density �Amÿ2�
L length of electrode edge crossed by bubbles (m)
L1 side length of microarea Ar m
m exponent, Equation 19
n charge number
nr number of bubbles
p pressure �kg mÿ1 sÿ2�
R universal gas constant,

R � 8:3143 kgm2 sÿ2 molÿ1 Kÿ1

R radius (m)
R0 radius of the contact area, Fig. 2 (m)
Rs radius of the projected area, Fig. 2 (m)

t time (s)
T temperature �K; �C�
v bubble velocity �m sÿ1�
V bubble volume �m3�
_VG volume ¯ow rate of gas �m3 sÿ1�
x horizontal coordinate (m)
y coordinate perpendicular to the electrode

surface (m)

Greek symbols
a angle of inclination
b angle, Equation (A9)
c surface tension �kg sÿ2�
e current e�ciency
gL dynamic liquid viscosity �kgmÿ1 sÿ1�
# contact angle ���
H fractional bubble shielding of the

electrode surface
m stoichiometric number
qG gas density �kgmÿ3�
qL liquid density �kgmÿ3�
s shear stress �kg mÿ1 sÿ2�

Subscripts
a advancing
b critical
r receding
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fresh Al2O3, that interpretation is obvious [4].
Nonetheless, there are di�culties in explaining
the phenomenon of a very rapid increase in the
cell voltage of industrial cells [10] characteristic
of the incipience of the anode e�ect simply by the
gradual dilution of alumina.

(b) An electrically insulating layer of a solid phase
forms on the anode. The oldest attempt to in-
terpret the onset of the anode e�ect was made by
Bunsen who supposed an electrically insulating
layer of silicon or lime [3]. This explanation
turned out to be unsuitable for Al2O3 electroly-
sis, but other workers clung to the idea of an
insulating layer of solid material and believed in
AlF3 or solid graphite ¯uoride [7, 11]. Those
explanations fail because the anode e�ect has
also been observed at inert electrodes [12, 13].
For carbon anodes, the process of solid forma-
tion would be too slow or the products thermally
unstable [7].

(c) A layer of a gaseous phase forms blanketing the
anode. Two fundamentally di�erent reasons have
been considered. One of these attributes the ef-
fect to an change in wettability of the anode.
Such a change may occur for various reasons.
Arndt and Probst [14] observed that the volume
of gas bubbles underneath the anode depends on
the Al2O3 concentration, and they argued for
variable wettability. The ®nding was con®rmed
by numerous investigations and was explained
by the action of surface active species such as
Al3�, Na� or the cryolite ratio [5, 15]. Another
view was proposed by Wartenberg [16]. Based on
the previous ®ndings of Coehn and Neumann
[17] obtained in aqueous solutions, he concluded
that the impact of the electrical charge of the
gas±liquid interface on wetting may be the cause
of the anode e�ect. It is further known that
electrocapillarity a�ects the solid±liquid interfa-
cial tension, hence, the wettability expressed by
the contact angle [15] as already shown by
MoÈ ller in 1909 [18]. Furthermore, it has been
found that the wettability is a�ected by the kind
of anode material, particularly its porosity [19],
the e�ect of which may be superimposed on that
of the electrocapillarity. When Arndt and
Probst, nearly 75 years ago, investigated anodes
of various porosity they found that ``large po-
rosity is inimical to the anode e�ect'' [14]. The
®nding has been con®rmed by recent investiga-
tions. The wettability may further be a�ected by
the adsorption of gases at the anode surface,
such as F2 or CF4 [6, 7] which may form at low
values of Al2O3 concentration.

A completely di�erent view was established by
Mazza and coworkers [20] who used `Helmholtz in-
stability' instead of wettability to explain the onset of
the anode e�ect. The same workers later con®ned the
e�ect of the instability to the region of large Al2O3

concentrations [21]. Furthermore, since the mecha-

nism of bubble detachment from vertical electrodes
di�ers substantially from that from electrode surfaces
facing downwards, the action of the Helmholtz in-
stability on the anode e�ect, at least in alumina re-
duction cells, appears dubious.

Change in wettability, for whatever reason, re-
mains as a possible and almost generally accepted
cause of the anode e�ect. However, wettability is not
a su�cient explanation. Imagine an electrode con-
structed with a completely surrounding wall to pre-
vent the evolved gas from being released. Initially the
electrode surface is completely in contact with the
electrolyte. After some time from the start, the elec-
trode will be completely covered with bubbles. The
anode e�ect must necessarily occur, irrespective of
the wettability. One must conclude that the anode
e�ect cannot be explained on a static basis. It appears
reasonable to establish a concept that takes into ac-
count the following aspects: (i) That the balance of
the rate of production of gas and the rate of removal
of gas, at steady state, are equal, and (ii) that, as is
known from early experimental investigations [22],
during the occurrence of the anode e�ect, the anode is
blanketed by a continuous (or quasi-continuous) gas
®lm. This ®nding suggests that the condition for the
incipience of the anode e�ect is met if the distance
between the gas bubbles in contact with the electrode
surface is diminished to such an extent that the
bubbles begin blanketing the electrode surface. The
resulting large increase in ohmic resistance and
overpotential is accompanied by a large decrease in
current and/or increase in cell voltage.

A convincing interpretation of the onset of the
anode e�ect may be expected, if both aspects can be
put into a causal and quantitative interrelation. The
wettability is assumed to play an important role.

The same basic ideas have served to establish a
model based on the assumption of a layer containing
a dispersion of ®nely dispersed small bubbles under-
neath the electrode [23]. The conformity of the model
with reality has been considered questionable. It is
the object of the present paper to establish an alter-
native model assuming single large bubbles moving in
contact with the electrode.

2. Gas rates

2.1. Rate of gas evolution

The rate of gas evolved at the anode is given by
Faraday's law:

_V G

A
� jRT e
�n=m�F p

fG�1ÿ fI� �1�

where j � I=A �2�
denotes the nominal current density, and fG denotes
the gas evolution e�ciency (i.e., the fraction of the
total amount of electrochemically generated sub-
stance(CO2=CO evolved as gas in form of bubbles
grown at the electrode surface [24]). Equation 1 takes
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account of the fact that the vertical side walls of the
electrodes are exposed to the electrolyte and absorb a
fraction fI of the total current I [25].

2.2. Rate of gas removal

Large gas bubbles underneath the anode move in
contact with the anode surface and leave the under-
side of the electrode passing across the electrode edge
of length L. This length may be the total perimeter of
the electrode (as probably correct for the monolithic
SoÈ derberg anodes) or only a part of the perimeter (as
in cells with a multitude of prebaked anodes sepa-
rated by open gaps). On the way from the active
nucleation site to the edge, the bubbles grow to a ®nal
volume V by desorption of dissolved gas evolved and,
possibly additionally, by coalescence [26] and by en-
gul®ng smaller bubbles adhering to the electrode
(scavenger e�ect). If a number nr of bubbles leaves
the electrode across the length L during the time t, the
total gas ¯ow rate is

_V G � nrV
t

�3�

Consider a gas bubble of average shape and size at
the edge immediately before leaving the underside
with an average velocity v. At that position, a certain
microarea

Ar � L1
L
nr

�4�

may be attributed each bubble, Fig. 1. The residence
time of a bubble in contact with that area is

t � L1

v
�5�

Each bubble with a contact angle # � 90� covers a
partial area pR2

s of the microarea Ar, where Rs denotes
the radius of the contacting area Rs � R0, Fig. 2.
Bubbles with a contact angle # � 90� shadow the
area pR2

s , where Rs is the maximum mean bubble
radius. Introducing a fractional bubble shielding of
the electrode surface [27] applicable to bubbles of
arbitrary values of the contact angle

H � pR2
s

Ar
�6�

and combining Equations 3±6 gives

_V G

A
� VLvH

ApR2
s

�7�

2.3. Mass balance

Combination Equations 1 and 7 gives, for steady
state operation,

jefG�1ÿ fI� RT
�n=m�F p vH

p R2
s A

VL
� 1 �8�

3. Bubble volume

The shape of gas bubbles adhering to an electrode
surface facing upwards may be described with su�-
cient accuracy by that of a truncated sphere [28]. This
is not generally admissible for large bubbles in alu-
minium electrolysis for two reasons. First, large
bubbles are ¯attened, and their height cannot exceed
a maximum value to be calculated separately from
the balance of forces. Secondly, bubbles moving un-
derneath and in contact with a solid phase exhibit
varying contact angles. At the front of the moving
bubble, the contact angle (advancing angle) is smaller
than at the rear (receding angle).

With respect to the di�culties and uncertainties in
the estimation of the real shape of large bubbles a ®rst
approximation will be used. It will be shown that it is
satisfactory to substitute the real bubble shape by that
of a vertical cylinder of heightH and radius Rs, Fig. 2.
For values of the contact angle # � 90�, the radius Rs

coincides with the radius of the circle obtained by or-
thogonal projection. For values # � 90�, the maxi-
mum projected radius coincides with the radius of the
contact area, R0 � Rs. The bubble volume is

Fig. 1. Flow of gas bubbles along the underside of the electrode
surface.

Fig. 2. Bubble geometry and approximations (a) Equation 9 for
# � 90�; (b) Equation 15 for 90� � #� 180�; (c) Equation 17 for
#! 180�.
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V � pR2
sH �9�

Inserting Equation 9 into Equation 8 gives

jefG�1ÿ fI�RT
�n=m�F p vH

A
HL
� 1 �10�

The value of the bubble height H can be estimated.
For large gas bubbles underneath a horizontal plane,
the height agrees approximately with the above
mentioned maximum height estimated from a bal-
ance of forces in Appendix 1:

H � 2c
�qL ÿ qG�g

�1� cos#�
� �1=2

� b�1� cos#�1=2

�11�
where

b � 2c
�qL ÿ qG�g
� �1=2

�12�

is the Laplace parameter.

4. Critical condition

As pointed out above, the cell operation approaches a
critical state if the velocity v of bubble removal is too
low to remove separate bubbles. The critical current
density, j � jc, characterizing the onset of the anode
e�ect is reachedwhen the fractional surface coverageH
attains large values near unity. Then a large fraction of
the total electrode area is covered with gas bubbles, the
cross-sectional area for transport of CO2=CO in dis-
solved form from the electrode is substantially low-
ered. A large fraction fG of the dissolved gas generated
is transformed into the gaseous phase of the bubbles
[24]. The value of fG andH are nearly equal, fG=H � 1.
Equation 10 reduces to

je�1ÿ fI�RT
�n=m�F p v

A
HL

� �
c
� 1 �13�

With equation (11) the critical current density takes
the form

jc � �n=m�F p v
e�1ÿ fI�RT

bL
A
�1� cos #�1=2 �14�

5. Discussion

5.1. Parameters

Equation 14 represents the general experience that
the critical current density is a quantity characteristic
of the incipience of the anode e�ect. But it is seen that
the critical current density depends on numerous
parameters:

� wettability of the electrode, expressed by the con-
tact angle #

� composition of the gaseous phase, expressed by
n=m

� current e�ciency e of the generation of dissolved
gases

� conditions of state, expressed by temperature T
and pressure p

� electrode size and geometry, expressed by the ratio
A=L

� bubble height H , controlled by the contact angle #
and the properties in the Laplace parameter b,
Equation 12

� bubble size, expressed by Rs

� velocity of bubble removal v, a�ected in particular
by the inclination and shape of the electrode sur-
face and the geometry of the interelectrode space,
but also by the viscosity of the melt.

Some of these parameters are mutually interrelated.
The contact angle controls the shape of the bubble
and the height H . The temperature acts on the vol-
ume gas rate of the gas evolution and on the viscosity
of the melt, hence on the velocity v. The contact angle
a�ects the current density, but the latter is a�ected by
the current density, because of electrocapillarity as
con®rmed in experiment [15].

5.2. Fractional bubble shielding

According to the applied model, the incipience of the
anode e�ect is linked with the condition H! 1
merely at the edge of the anode. That is a su�cient
condition. Supposing that the edge of the electrode is
completely covered with gas bubbles and the rest of
the electrode is free, then this implies that the local
current density on the wetted area increases, acti-
vating nucleation sites and initiating growth of new
bubbles which soon blanket the whole electrode sur-
face. This process was also observed on the labora-
tory scale [29].

5.3. Electrode size

The ratio A=L in Equation 14 (approximately equal to
0:23 A1=2 in SoÈ derberg cells) generally increases with
electrode area A showing the e�ect of the electrode
size on the critical current density. Observations
con®rm that the critical current density is lower at
large cells than at small cells (at a given alumina
concentration). At a constant current density of
7500 Amÿ2 the initiation of the anode e�ect in a
laboratory cell was observed with an alumina content
of 0.2±0.4%, in an industrial cell with 1±2% [10]. It is
remarkable that the e�ect of the electrode area A al-
ready contained in Piontelli's 1965 empirical formula
for the critical current density [6], although consid-
ered dubious [7], turns out to be justi®ed.

5.4. Bubble ¯ow and electrode shape

The e�ect of the ¯ow on the incipience of the anode
e�ect is supported by several experimental ®ndings.
Drossbach [30] found an essential increase in the
critical current density when a horizontal electrode
facing downwards was turned to a vertical position.
Since the e�ect cannot be attributed to an increase in
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the wettability, he explained the phenomenon in as-
suming that the pores of an anode facing downwards
are ®lled with gas and the current is only transported
across protruding peaks, whereas the gas can escape
from the pores as soon as the anode is turned upwards
[30]. Equation 14 explains the e�ect simply by the fact
that an alteration in the position of the electrode
surface substantially a�ects the ¯ow conditions and
the velocity of removal of contacting bubbles.

The ®nding has been con®rmed repeatedly [31, 32]
and is in agreement with the fact that the critical
current density strongly depends on the shape of the
anode as investigated by Piontelli et al. [6, 33, 34].
This also agrees with the ®nding that if the electrode
surface is inclined, the bubble is subject to a stronger
buoyancy force, resulting in an increased velocity as
known from natural convective heat transfer at in-
clined plates [35] and from the ¯ow of laminar and
turbulent liquid ®lms on surfaces inclined by an angle
a according to v � sin a and v � (sin a�5=8, respec-
tively. Experimental investigations by Ngoya [36]
show that the ohmic resistance of a layer of bubbles
underneath an electrode strongly decreases if the
electrode is inclined by only a few degrees, thus re-
¯ecting the e�ect of velocity.

It is further remarkable that the experiments of
Thonstad [37], carried out with forced ¯ow, gave
values of the critical current density which were much
larger than in other experiments carried out with
quiescent melt. Su�ciently large forced ¯ow is able to
quickly remove gas bubbles, and hence increases the
critical current density (Equation 14).

5.5. Vibrated electrodes

Piontelli and coworkers [6, 33] found that mechanical
vibration of electrodes increased the critical current
density. The e�ect was greater for horizontal surfaces
facing downwards than for cylindrical ones. This
observation also harmonizes with the outcome of the
model. Additional mechanical forces acting on the
bubbles enhance their movement, and the action is
the more e�ective the smaller the buoyancy ¯ow.

5.6. Fast voltage increase

Although the anode potential is not a parameter
contained in Equation 14, the model result is able to
explain the excessive and very rapid increase in the cell
voltage immediately prior to the onset of the anode
e�ect as observed with industrial cells [10]. As the
fractional bubble shielding H approaches unity, the
local current density on the remainingwetted electrode
area (in constant nominal current density) attains large
values resulting in correspondingly large values of the
ohmic potential drop and the anodic overpotential.

5.7. Anodes and cathodes

There are no parameters in Equations 14 which
would suggest a restriction to anodes. Indeed, the

anode e�ect has been observed for both anodes and
cathodes [34].

5.8. Approximated bubble volume

For large values of contact angle, the approximation
of the bubble volume by the shape of a cylinder,
Equation 9, results in too large values of bubble
volume. Another approximation, more appropriate
for values of contact # > 90� (although not for
#! 180�) would be that of a disc of thickness H cut
from a sphere, Fig. 2(b),

V � pR2
sH
2

(
1� 1

3

H
Rs

� �2

ÿ H
Rs
� tan�#ÿ 90��

� �2
� �sin#�ÿ2

)
�15�

Combination with Equation 11 gives

jc � �n=m�F p v
RT e

H
2L

(
1� 1

3

H
Rs

� �2

ÿ H
Rs
� tan�#ÿ 90��

� �2
� �sin#�ÿ2

)
�16�

In the region #! 180� Equation 15 gives values
which are too small. A reasonable approximation is
that of a truncated sphere, Fig. 2(c):

V � pR2
sH
2

1� 1

3

H
Rs

� �2
" #

�17�

The approximated bubble volumes after inserting
Equation 11 into Equations 9, 15 and 17 are shown in
Fig. 3. The various approximated bubble volumes
exhibit substantial di�erences, but a numerical anal-
ysis shows that their impact on the critical current
density is negligibly small. Therefore, the approxi-
mation of the bubble shape by a cylinder is fully
satisfactory. Equation 14 applies to all values of
contact angle.

Fig. 3. Approximated bubble volumes.
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6. Bubble velocity

A ®nal consideration may be devoted to the velocity v
of bubbles past the electrode surface. Experience
shows that the velocity of bubbles gliding along un-
derneath an inclined surface (as well as that of liquid
drops on a solid surface) increases with the height of
the bubbles (or the drops). The bubble velocity in
Equation 14 decreases as the contact angle increases.
The e�ect of the bubble height on the velocity is es-
timated in Appendix 2.

The edge of anodes in alumina reduction cells are
rounded o� [25], and the movement of the bubbles is
induced or favoured by the inclination of that zone
and is hampered by the wetting force. Any additional
shear force at the gas±liquid interface may favour or
hamper the bubble velocity depending upon its di-
rection. A balance of these forces results in the bubble
velocity underneath the electrode

v � �qL ÿ qG�g sin a
3gG

H2

(
1ÿ 1:5

H�qL ÿ qG�g sin a

� 4cR0D#sin#
pR2

ÿ sy�H

� �)
�18�

It is seen that the velocity increases as the bubble
height increases. The relationship may be approxi-
mated by

v � C1H m �19�
where the exponent m > 1 is generally smaller or
larger than 2. Neglecting the shear force sy�H results
in m > 2; additionally neglecting the wetting force
gives m � 2. The critical current density results, after
combination of Equations 19 and 14 and conside-
rating Equation (11), in

jc � C1
�n=m�F p L H 1�m

e�1ÿ fI�RTA

� C1
�n=m�F p L b1�m

e�1ÿ fI�RTA
�1� cos#��1�m�=2 �20�

For a given system, the e�ect of the contact angle
may be expressed by

jc � C2�1� cos#��1�m�=2 �21�
where C1 and C2 are empirical constants. Equation 21
is shown in Fig. 4 for a value m � 2 and two selected
values C2. The graph exhibits the form similar to a
reverse S-shaped curve as already previously found
by means of a fundamentally di�erent model [23].

The e�ect of the contact angle on the critical cur-
rent density was experimentally studied by Kar-
pachev and coworkers [38] and by Beljaev and
coworkers [39] some decades ago and more recently
by Qiu and coworkers [40]. Their results are shown in
Fig. 4 and correlated by various values of C2 re-
¯ecting di�erent operating conditions. The agreement
with the theoretical Equation 21 is satisfactory in the
light of the substantial experimental di�culties.

Papers [38±40] relate the contact angle and the critical
current density separately to the alumina content.
Although the measured values of the ®rst two papers
diverge strongly from [40] Fig. 4 shows not more than
moderate deviations from each other.

The previous model based on the assumption of a
bubble layer containing dispersed small bubbles has
been shown to be appropriate for correlating the
experimental data [23]. The agreement of the result of
the present model assuming single large bubbles in
contact with the electrode with the same experimental
data shows that the particular con®guration of the
gas±liquid dispersion is not very in¯uential on the
critical current density. Each of the models demon-
strates equally well that the anode e�ect is the result
of a combined action of wettability and ¯uid dy-
namics. This result is of relevance for industrial
molten salt electrolysis where both types of gas±liquid
con®guration occur [8]. Observations by Drossbach
and Krahl [41] might also lead to the conclusion that,
at least under certain conditions, a mixed con®gura-
tion of large bubbles and much smaller ones may be
encountered.

7. Historical note

From numerous observations with various electrode
forms and from the di�erent behaviour of vibrated
and motionless electrodes, Piontelli, Mazza and
Pedeferri have recognized that wettability alone is not
su�cient to explain the anode e�ect. In the mid-1960s
they wrote: ``The wetting properties of the anode
surface are obviously important. On the other hand,
the dynamic aspects of the anode e�ect . . . could

Fig. 4. Comparison of Equation 21 with experimental data in the
system Na3AlF6 ÿAl2O3 at T � 1000 �C. Key: (u) Karpachev
et al. [38] and (d) Beljaev and Kusmin [39] with C2 � 45A mÿ2,
m = 2; (m) Qiu et al. [40] with C2 � 65Amÿ2, m � 2.
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hardly be realized by considering merely changes in
time of the wetting properties. [33].'' As a conse-
quence, Mazza and coworkers [20, 32] proposed the
Helmholtz instability, which had been found useful in
the analogous event in boiling. For aluminium elec-
trolysis, that interpretation cannot satisfy for the
above reasons and has already been restricted or
withdrawn by the authors themselves [21].

A further interesting remark can be found in a
paper of 1987 by Qiu and Zhang [13]. To overcome
contradictions in a previous interpretation of the in-
cipience of the anode e�ect, a second type was pro-
posed as occurring by accumulation of gas, if the rate
of gas evolution on the anode exceeds the rate of gas
release*. That interpretation may hold for extraor-
dinary conditions, possibly for the initial anode
e�ect, but fails for steady-state operation where the
mass balance, Equation 8, continues to be valid
irrespective of any changes in the wettability. None-
theless, the authors clearly recognized that the anode
e�ect is initiated by a `hydrodynamic process' [13].

8. Conclusion

The condition for the incipience of the anode a�ect is
met, if the velocity of gas bubbles gliding along un-
derneath the anode surface drops below a critical
value vc, characterized by the condition that the dis-
tance between neighbouring bubbles diminishes to
such an extent that the bubbles contact each other
tending to form a continuous gas ®lm. The cross-
sectional area for transport of charge and of reactant
and product is substantially reduced; the cell voltage
increases and/or the current density drops very fast.

That critical bubble velocity depends on numerous
parameters. It is a�ected by the size and shape of the
electrode surface and its inclination, and further by
the ¯ow velocity of the melt which, in turn, is con-
trolled by the geometry of the interelectrode space
and the operating conditions, notably temperature.
Increased temperature lowers the viscosity.

Of course, the critical bubble velocity is a�ected by
the volume rate of gas evolution. Therefore, it is rea-
sonable to speak of a critical current density which,
however, is not a su�cient parameter. It depends on
the composition of the anode gas (CO2 andCO) aswell
as on temperature and pressure and, moreover, on the
current e�ciency of the generation of dissolved gas.

An important role must be attributed to the
wettability of the electrode directly controlling the
shape of the gas bubbles underneath the electrode.
The model result agrees with experimental ®ndings.

The particular con®guration of gas±liquid disper-
sions in industrial processes appears to have no es-
sential impact on the critical current density.

Appendix 1: The height of large bubbles

The static pressure gradients in the gaseous phase and
in the liquid phase are

dpG
dh
� ÿqGg �A1�

dpL
dh
� ÿqLg �A2�

Substraction

d�pG ÿ pL� � �qL ÿ qG�gdh �A3�
and integration gives

�pG ÿ pL� ÿ �pG ÿ pL�h�0 � �qL ÿ qG�gh �A4�
On the other hand, the overpressure in the gas bubble
is interrelated with the curvature of the interface ac-
cording to

pG ÿ pL � c
1

R1
� 1

R2

� �
�A5�

where R1 and R2 are the main radii of curvature,
Fig. 5, to result in

c
1

R1
� 1

R2

� �
ÿ c

1

R1
� 1

R2

� �
h�0
� �qL ÿ qG�gh �A6�

Neglecting the di�erence between advancing angle
and receding angle of moving bubbles and assuming
a rotationally symmetrical form, that is, R1 � R2 at
h � 0, gives

1

R1
� 1

R2

� �
ÿ 2

Rh�0
� �qL ÿ qG�gh

c
�A7�

For the sake of simplicity, two simpli®cations will be
introduced applicable to large bubbles:

Rh�0 !1
R2 � R1; unlessR!1

where R1 is the radius in the plane of the Figure. The
laws of geometry give

Fig. 5. Geometry of a bubble underneath a horizontal surface.

* Strictly, the opposite process occurs: A deterioration of the
wettability, i.e. an increase in the contact angle, decreases the
bubble volume and lowers the gas hold-up in the cell. The
incipience of the anode e�ect (under constant current condition) is
accompanied by a continuous diminution of the gas cumulation.
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1

R1
� d2x=dh2

�1� �dx=dh�2�1:5 �A8�

with

dx
dh
� ÿtan�b�h� ÿ 90�� �A9�

Combination of Equations A7 and A8 and integra-
tion with the boundary condition b � h at h � H
gives the simpli®ed contour of the bubble:

�qL ÿ qG�g
c

H 2 ÿ h2

2

� �
� H

b

� �2

1ÿ h
H

� �2
" #

� cos#ÿ cos b �A10�
Particularly at h � 0 the angle is b � 180�, directly
resulting in Equation 11.

Appendix 2: Bubble velocity

Several forces act on a gas bubble gliding underneath
an electrode.

(i) The di�erence in buoyancy force and gravitational
force at the inclined zone of the electrode surface near
the edge

F1 � V �qLÿqG�g sin a � ypR2�qL ÿ qG�g sin a

�A11�
where a denotes the angle of inclination, y is the co-
ordinate perpendicular to the surface.

(ii) The wetting force

F2 � pcR0 cos #ÿ 2

p
D#a

� �
ÿ cos #� 2

p
D#r

� �� �
� 4cR0D# sin# �A12�

where # represents the contact angle of the bubble
not distorted by the acting forces. #ÿ D#a is the
advancing angle, #� D#r the receding angle, appli-
cable to the range D#a � # � 180� ÿ D#r;
D#r � D#a � D#:

(iii) The shear force, F3, in laminar ¯ow inside the ¯at
bubble

F3 � pR2s � ÿpR2gG
dv
dy

�A13�

(iv) Generally, an additional shear force, F4, at the
gas±liquid interface of the bubble, y � H ,

F4 � sy�HpR2
s �A14�

From the balance of forces,

F2 � F4 ÿ F1 ÿ F3 � 0 �A15�
follows the velocity pro®le

v�y� � �qL ÿ qG�g sin a
gG

Hy ÿ y2

2

� �
ÿ 4cR0D# sin#

pR2gG
y � sy�H

gG
y �A16�

after integration with the two boundary conditions

v � 0 at y � 0

and

dv
dy
� ÿ 4cR0D# sin#

pR2gG
� sy�H

gG
at y � H

Integration over the bubble height

v �
ZH

0

v
dy
H

�A17�

yields the desired bubble velocity, Equation 18.
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